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1 Introduction 

Entanglement plays a key role in quantum computing and quantum informa- 
tion. If two states can be obtained from each other by means of local operations 
and classical communication (LOCC) with nonzero probability, we say that two 
states have the same kind of entanglement [1]. It is well known that a pure en- 
tangled state of two-qubits can be locally transformed into a state GHZ. For 
multipartite systems, there are several inequivalent forms of entanglement under 
asymptotic LOCC [2]. Recently, many authors have investigated the equivalence 
classes of three-qubit states specified SLOCC (stochastic local operations and 
classical communication ) [3] — [15]. Diir et al. showed that for pure states of 
three-qubits there are four different degenerated SLOCC entanglement classes 
and two inequivalent true entanglement classes [4]. A. Miyake discussed the 
onionlike classification of SLOCC orbits and proposed the SLOCC equivalence 
classes using the orbits[10]. A.K. Rajagopal and R.W. Rendell gave the con- 
ditions for the full separability and the biseparability[14]. In [15] we gave the 
simple criteria for the complete SLOCC classification for three-qubits and the 
criteria of a few classes for four-qubits. 

Verstraete et al.[9] considered the entanglement classes of four-qubits under 
SLOCC and concluded that there exist nine families of states corresponding 
to nine different ways of entanglement and claimed that by determinant one 
SLOCC operations, a pure state of four qubits can be transformed into one 
of the nine families of states. Clearly, this does not say that each family is 
a SLOCC class. Then, how many SLOCC classes are there for each family? 
what are representations? After investigating the nine families by means of 
methods in this paper, we can say that each of the first six families includes 
several SLOCC classes. We list SLOCC classes of some families as follows. 
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For Family Lab^ ■ a (|0000) + |1111)) + ^( |0101) + |1010))+ ^( |0110) + 
|1001)) + ^(|0001) + 10010) + 10111) + 11011)), this consists of five true SLOCC 
entanglement classes, which are a = b = 0, i.e. class \ W), a = b ^ 0, a — ~b ^ 0, 
a ±b A 3a^ + ^ and a ±b A 3a^ + 6^ = 0, respectively. For Family 
: o(|0000) + |0101) + |1010) + |1111)) + (i|0001) + |0110) - i|1011)), this 
includes two true SLOCC entanglement classes: a = and a ^ 0. For Family 
LasOaei : a(|0000) + |1111)) + |0011) + |0101) + |0110), it includes two SLOCC 
classes. When a = 0, this becomes a product state of a qubit state and 3-qubit 
\W). When a j^O, this is a true entangled state. 

In [17] [18], the authors utilized the partition for SLOCC classification of 
three-qubits and four-qubits. The idea for the partition was early used to an- 
alyze the separability of n-qubits and multipartite pure states in [19]. In [18], 
the authors declared there are eight Span classes and 16 true SLOCC entan- 
glement classes for four-qubits. By means of methods in this paper, we can 
illustrate how many true SLOCC entanglement classes there are for each Span 

{ }. For example, for Span {Ok'^, Ok^}, canonical states arc |0000) + |1100) + 

ajOOll) + 6|1111) and jOOOO) + ]1100) +a]0001) + a|0010) + 6]1101) + 6]1110), 
where a ^ b [18]. It was not pointed out in [18] that what relation a and b 
satisfy to be a representation of SLOCC class. It can be shown that for the 
former canonical state, a = —b and a ^ —b represent two true SLOCC classes, 
respectively while for the latter canonical state, ab = Q and ab ^ represent 
two true SLOCC classes, respectively. We can also explain that each of Span 
{000, GHZ}, Span {0,*, 0^*} and Span {GHZ, W} includes four true SLOCC 
entanglement classes and Span {0/,'^ ,GHZ} includes more. Also considering 
Span {000, 000}, Span {000, 0^*} and Span {000, W}, in total, the eight Spans 
{...} in [18] include much more true SLOCC entanglement classes. 

In this paper, we find the SLOCC invariant and semi-invariants for four- 
qubits. Using the invariant and semi-invariants, we can determine if two states 
belong to different SLOCC entanglement classes. We distinguish 28 distinct true 
entanglement classes, where permutations of the qubits are allowed. This classi- 
fication is not complete. It seems that there are more true entanglement classes. 
The invariant and semi-invariants only require simple arithmetic operations. 

2 SLOCC invariant and semi-invariants 

We discuss the system comprising four qubits A, B, C and D. The states of a 
four-qubit system can be generally expressed as 



Two states l'^) and l'^') are equivalent under SLOCC if and only if there 
exist invertible local operators a, (3, 7 and S such that 
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IV') = Q;(g)/J(g)7 0'^l^')> (2) 

where the local operators a,/3, 7 and S can be expressed as 2 x 2 invertible 
matrices 

2.1 SLOCC invariant 

Let = X;l=o in Eq. (2). If jV') is SLOCC equivalent to l^-'), then the 
following equation holds. 

/y(V') = IV{iIj') det(a) det(/J) det(7) det(5), (4) 

where 

/F(V') = (a2ai3 - 03012) + (04011 - osaio) - (aoai5 - aiau) - ia^ag - ara^) (5) 
and 

/!/(/) = (62613 - 63612) + (64611 - 65610) - (60615 - 61614) - (6669 - 6763). (6) 

Eq. (4) was by induction derived in [20]. We can also verify Eq. (4) as 
follows. By solving the matrix equation in Eq. (2), we obtain amplitudes Oj of 
state IV') in Eq. (2). Then substituting into IV (ip), we have Eq. (4). 

Notice that IV{iJj) does not vary under determinant one SLOCC operations 
(SL-operations) or vanish under non-unit-determinant SLOCC operations. 

If lb is S'L-equivalent to ip' , then IV{tp) = IV{ip'). Eq. (4) implies that each 
SLOCC class has infinite S'L-classes. For family -/^aaOa®! in [9], let IV'') be a 
representative state of the family: a(|0000) + |1111)) + |0011) + |0101) + |0110). 
Eq. (4) becomes IV{tp) = — det(Q;) det(/3) det(7) det((5). For 5'L-operations, 
IV{ip) — IV{tp') = —a^. It is clear that different a's values yield different 
S'L-classes. Therefore there are infinite S'i-classes when a 0. However, the 
infinite SL-classes belong to a true SLOCC entanglement class. 

2.2 Semi-invariants 

Coffman defined the concurrence of three-qubits. We extend the definition of 

the concurrence of three-qubits to the one of four-qubits as follows. For state 
IV'), we define -Fi(V') as follows. Notice that i^3(V') to Fs{tp) can be obtained 
from Fi{tp) and F^itp) by permutations of the qubits. 
^(V')=4Ej£i|J^iWL where 

Fi{i^) = {aoaj - a^a^ + (oiOe - 0304))^ - 4(0204 - Oo06)(o3a5 - 0107), 
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-F2(V') = (((Xsois - aiiai2) + (09014 - aioois))^ - 4(aiiai3 - a9ai5)(aioai2 - 

asai4), 

-P3(V') = (oooii - 0209 + aiaio - asos)^ - 4(0203 - Oo0io)(o309 - oion), 

F4{lp) = (04015 - OgOis + O5O14 — 07012)^ - 4(05012 — 040i4)(070i3 - O5O15), 
Psiif) = (O0O13 - O4O9 + O1O12 - OsOs)^ - 4(0408 - OoOi2)(o509 - O1O13), 

Feitp) = (02015 - oeoii +03O14 - 07010)^ - 4(o60io - 020i4)(o70ii - 03O15), 

Fr{Tp) = (00O14 - 04010 + 02012 - oeos)^ - 4(o408 ~ Oo0i2)(o60io - 02O14), 
F8(V') = (oiai5 - 05O11 + 03O13 - 0709)^ - 4(0509 - aiOi3)(o70ii - 03O15), 

^9(1/)) = ((O0Oi5-O2Oi3) + (oiOi4-O3Oi2))^-4(o0Oi4-O2Oi2)(oiOi5-O3Oi3), 

FlQ (V^) = ((04O11 - O7O8) + (05010 - 060g))2 - 4(0709 - 050ii)(0608 - O4O10)). 

For state \tp'), let Fi{ip') be obtained from Fi{tp) by replacing o in Fi{ip) 
by b. Then by induction we can show that Fj have the following interesting 
properties and the properties arc called as semi-invariants. 

In Eq. (2), let a = I, where / is an identity. Thus, Eq. (2) becomes 

IV') = /® /3(S)7(g)(5|V'')- (7) 
Then we have the following. 

Fii^P) = F^itP') det{(3) det(7) d'et(,5), i = 1,2. (8) 

Eq. (8) can be verified as follows. We obtain amplitudes Oi of state by 
solving Eq. (7). Then substituting Oi into Fi{ip), we derive Eq. (8). 

Also, in Eq. (2), let = 1, then Fi{ii) = Fi(V'') det^(Q!) det^(7) det^(^), 
1 = 3,4. 

In Eq. (2), let 7 = /, then F,{iP) = F,{^')det^{a)det^i(3)det^{S), i = 5,6. 

In Eq. (2), let 5^1, then F,{ijj) = Fi{tP')det^{a)det^if3)det^{-f), i = 7,8. 

In Eq. (2), let a = I and (3 = 1, i.e. \ip) = / ig) / (g) 7 ig) S\ip'), then Fj(V') = 
Fiiip') det^-f) dct^iS), i = 9, 10. 

Next let be SLOCC equivalent to \ip') in Eq. (2). By solving the matrix 
equation in Eq. (2), we obtain ampUtudes Oj of state \ip) in Eq. (2). Then we 
can calculate Fi of state lip), i.e., the Fi of class \ip'). We compute Fi of all the 
degenerated entanglement classes and 28 true entanglement classes. See Tables 
2.1, 2.2 and 5 and Appendix A. If i^, do not vanish for some classes, then we 
give the expressions of Fi in Appendix A. We list the properties of Fi of the 28 
true entanglement classes in Tables 2.1 and 2.2 and of Fj of all the degenerated 
entanglement classes in Table 5. For the derivations of the properties of Fj, see 
Appendix A. We also compute all the Fj of the 28 true entanglement states, see 
Tables 3.1. and 3.2. 

2.3 Semi-invariants Di, D2 and D3 

In [15], we computed the following expressions of Di, D2 and D3 for \GHZ), 
\W). Using the F>i, D2 and F'3, we found a true entanglement state IC4) which 
is distinct from \GHZ), \ W) and |<^4)[6]. We define Di{tp) for state ip as follows. 
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-OiW = {aitti - aoa5){anai4 - aioois) - {a^ae - a2a7)(a9ai2 - agais), (9) 



-D2(V') = (0407 - a5ae){asan - ogaio) - {aoas - aia2)(ai2ai5 - 013014), (10) 



= (0305 - aia7)(aioai2 - 03014) - (02O4 - Oo06)(oii0i3 - 09O15). (11) 

Then by induction we can demonstrate that Di{ip) have the following inter- 
esting properties, which are also called as semi-invariants. The properties can 
also be verified by substituting the amplitudes o, of state Itp) in Eq. (2) into 
Di{ip) i = 1,2 and 3. For state let Di^ij)') be be obtained from Di{'ijj) by 
replacing a in Di{'tp) by h. Then 

In Eq. (2), let a = 7 and 7 = /, i.e. j^)) = / O /? ® / then r>i(V') = 

Di{'4)')Aet^{l3) det^((5). 

In Eq. (2), let a = 7 and 13 = 1, then D2{il^) = D^iii}') det^i-i) det^{5). 

In Eq. (2), let a = / and 6 = 1, then D:i{i}) = Dsi^p') det^{(3) det^{"f). 

Next let be SLOCC equivalent to in Eq. (2). By solving the matrix 
equation in Eq. (2), we obtain amplitudes Oj of state \tp) in Eq. (2). Then we 
can calculate Di of state \ip), i.e., the Di of class jV'')- We compute the values 
of Di,D2 and D3 of the degenerated SLOCC equivalence classes (see Table 4). 
We give the values of Di , D2 and D3 of the 28 true entanglement classes in 
Tables 1.1 and 1.2 and of the 28 true entanglement states in Tables 3.1 and 3.2. 
We also calculate the values of Di,D2 and D3 of states \GHZ)i2 ® \GHZ)zi, 
\GHZ)i3 (g) \GHZ)2i and \GHZ)u O \GHZ)23, see Table 6. If A = for some 
i and for some class in Tables 1.1 and 1.2 and 4, then it implies that D, = 
for the i and for all the states of the class. If is "opt" for some i and for 
some class in Tables 1.1 and 1.2 and 4, then it means that £>j = for the i and 
for some states of the class while for other states of the class Di 0. li Di is 
"opt" , then we give the expression of Di in Appendix A. For example, for class 
\k4) in Table 1.1, Di is "opt", D2 is "opt" and D3 = 0. It says that for some 
state of class |k4) in Table 1.1, Di ^0 and D2 ^ but D3 = for every state 
of class |k4). However, for state |k4) in Table 3.1, = 0, where i = 1,2 and 3, 

3 The invariant, semi-invariants for SLOCC clas- 
sification 

3.1 The representatives of true entanglement classes 

It is well known that states \GHZ), \W), \4)^ and IC4) are the representatives of 
disjoint true entanglement classes of four-qubits. Utilizing the SLOCC invariant 
IV and the semi-invariants Fi and Di of four-qubits, we find 28 distinct true 
entanglement classes. The representatives of the classes are listed below. 
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1. From the construction of wc do the foUowing computation tests. 
From all the 15 true entanglement states: (|0) + \i) + \j) — |15))/2, where 

li) e {|3), |5), |6), |9), |10), |12)} which is obtained from \Ci), we find the rep- 
resentatives of 7 different true entanglement classes. They are \GHZ), IV'4)) 
|/Lt4), \Ki), \Ea) and 1^4)- 

2. Prom [9], we consider the states of the following forms: (|0) + \i) + \j) + 
\k) + \l) + |15))/\/6, where |fc), \l) e {|3), |5), |6), |9), |10), |12). There are 
15 true entanglement states, of which seven are chosen as the representatives of 
different true entanglement classes. They are IC4), |7r4), |(T4), IP4), 1^4), |e4) and 
1^4). 

3. From the 15 true entanglement states: (|0) + |i) + |j) + |fc) + |l) - |15))/V6, 
where \i), \k), \l) G {|3), |5), |6), |9), |10), |12), we choose IX4) as a representa- 
tive. 

4. Consider the true entanglement states of the following forms: |3) + \x) + 
|12), where e {|5), |6), |9), |10)}; |5)+|a;)+|10), where |a;) e {|3), |6), |9), |12)}; 
|6) + \x) + |9), where \x) e {|3), |5), |10), |12)}. Notice that |3) and |12), |5) and 

1 10) I and 6) and |9) are dual, respectively. From the 12 true entanglement 
states, we find three inequivalent true entanglement states. They are \H4), IA4) 
and IM4). 

5. The classes whose representatives have 3 product terms 

Let Si = (001)^, S2 = (010)^, 53 = (100)^, Vi = (011)^, V2 = (101)^, 
V3 = (110)^. Consider the permutations: SiSjViVj. For example, S1S2V1V2 is 
/ 1 \ 

considered as a matrix I 1 1 1. Each row of the matrix is considered 

V 1 1 1 y 

a basic state of four-qubits. Thus, the matrix can be considered a state (|1) + 
|6) -|- |ll))/\/3. Prom the permutations, we find representatives: l^Pi), \t4), I'&a), 

led, 

6. \uj4,) is -^05^3 in [9]. From states of the forms (|a;) + |5) + \y) + \z))/2, 
where x + 5 + y + z = 27, we choose \v4), \w4) and \u)4) as representatives. 

7. Up to permutations of the qubits, each one of the following groups is 
considered as one true entanglement class. However, we don't show that different 
groups can not be obtained up to permutations of the qubits. 

We list the 28 true entanglement classes as follows. 

1. \GHZ) = {\0)+ |15))/V2, 

2. |W) = (|l) + |2) + |4) + |8))/2, 

3. IC4) = (|3) + |5) + |6) + |9) + |10) + |12)/A 
4. 

\k4) = (|0) + |3) + |10) - |15))/2, 
|i?4) = (|0) + |5) + |9)-|15))/2, 
|L4) = (|0) + |3) + |9)-|15))/2, 
5. 

1^4) = (|3) + |6) + \12)/V3, 
IA4) = (|5) + |6) + |10)/V3, 
|M4) = (|3) + |5) + |12)/x/3, 
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6. 

|7r4) = (|0) + |3) + |5) + |6) + |10) + |15))/V6, 
1^4) = (|0) + |5) + |6) + |10) + |12) + |15))/^/6, 
1^4) = (|0) + |3) + |9) + |10) + |12) + |15))/a/6, 
|P4> = (|0) + |3) + |6) + |10) + |12) + |15))/V6, 
la) = (|0) + |6) + |9) + |10) + |12) + |15))/^/6, 
|e4) = (|0) + |3) + |6) + |9) + |10) + |15))/x/6, 
7. 

1X4) = (|0) + |3) + |6) + |10) + |12) - il5))/^/6, 
8. 

IV'4> = (|0> + |5) + |10)-|15))/2, 
l'^4) = (|0) + |3) + |12)-|15))/2, 
K) = (|0) + |6) + |9)-|15))/2, 
9. 

|<^4) = (|1) + |6) + |11))/V3, 
|t94) = (|2) + |5) + |ll))/V3, 
|r4) = (|l) + |7) + |10))/V3, 
|^4) = (|2) + |7) + |9))/^/3, 
10. 

|C4> = (|0> + |11) + |12))/V3, 
\t4) = m + \3) + \13))/V3, 

11. 

M = (|2) + |5) + |9) + |ll)/2, 
12. 

K) = (|0) + |5) + |8) + |14))/2, 
13. 

|W = (|2) + |5) + |8) + |12))/2 



3.2 The sufficient conditions for a true entanglement state 

From Tables 1, 2, 4 and 5, it is not difficult to see that a state is a true entan- 
glement state if the state satisfies one of the following conditions. 

(1) . IV = and A 7^ 0, where 2 = 1,2 or 3, 

(2) . IV ^0 and Fi ^ 0, where i = 1,2, 3, 4, 5, 6, 7 or 8, 

(3) . IV ^0 and A 7^ and A ^ 0- 

4 At least 28 distinct true entanglement classes 

4.1 Degenerated entanglement classes 

The authors in [17] gave an upper bound for the number of degenerate (iV + 1)- 
entanglement classes in terms of the number of A/'-partite entanglement classes. 
In this paper, wc give an exact recursive formula for the number of degenerate 
entanglement classes of n-qubits, see Appendix B. By the recursive formula, for 
five-qubits, there are 5 * t(4) + 66 distinct degenerated SLOCC entanglement 
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classes, where t{4:) is the number of the true SLOCC entanglement classes for 
four-qubits. We only use combinatory analysis to derive the recursive formula. 
The authors in [18] declared there are 16 true entanglement SLOCC classes for 
four-qubits and at most 170 degenerate entanglement classes for five-qubits. If 
so, by our recursive formula there would be 146 degenerated SLOCC entangle- 
ment classes for five-qubits. However, in this paper, we report there are at least 
28 true entanglement SLOCC classes for four-qubits. Thus, by the recursive 
formula there are at least 206 degenerated SLOCC classes for five-qubits. From 
the recursive formula, we know that the most of the degenerated entanglement 
classes of n-qubits are the (n — l)-qubit true entangkmient with a separate qubit 
like A — {BC....Z)n-i, where {BC....Z)n-i is truly entangled. 

For four-qubits, by computing, we obtain the SLOCC invariant, the semi- 
invariants Fi and Di of all the degenerated entanglement classes. Sec Tables 4, 
5 and 6. For example, value F of three-qubit GHZ entanglement accompanied 
with a separable qubit does not vanish. This proof is given as follows. Other 
proofs are omitted. 

By the definition of F and section 3.1 of [15], it is easy to obtain this result. 

For class \GHZ)abc®{s\0) +t\l))n, by section 3.1 of [15], (00014 — 04010-!- 
O2O12 - aeag)^ 7^ 4(0,408 - 09012) (oeOio - 03014) or 

(01O15 - O5O11 -I- O3O13 - 0709)2 ^ 4(0509 - aiOi3)(o70ii - O3O15), and other 
Fi vanish. 

For class \GHZ)abd ® (s|0) + t|l))c, 

(O0O13 - 0409 -I- aiOi2 - 0508)2 4(0408 - 00012) (0509 - 01013) 
or (02O15 - O6O11 + 03014 - 07010)^ 7^ 4(06010 - 020l4)(070ll - 03015), 

and other Fi vanish. 

For class \GHZ)acd O {s\0)+t\l))B , 

(ooOii - 0209 -I- OiOio - 0308)^ 7^ 4(0208 - Ooaio)(a309 - OiOii) 

or (04O15 - 06013 + O5O14 — 07012)2 7^ 4(06012 — a40i4)(070i3 — 05015). 

For class {s\0) + t\l))A<» \GHZ)bcd, 

(00O7 - 0205 + (oiOe - 0304))^ 5^ 4(0204 - Oo06)(a305 - 0107) 

or ((08015 - O11O12) + (09014 - Oioai3))2 4(0ii0i3 - O90i5)(oioai2 - OgOu). 

4.2 The 28 classes in Tables 1.1 and 1.2 are true entan- 
glement classes. 

It is known that classes \GHZ), \W), |<^4)[6] and \C4) [15] are inequivalent true 
entanglement classes. 

Part 1. The classes in Table 1.1 are true entanglement classes. 

Since for the classes in Table 1.1, IV ^ and > 0, so we only need to show 
that the classes in Table 1.1 are distinct from the degenerated entanglement 
classes \GHZ)i3<g)\GHZ)24 and \GHZ)i4^\GHZ)23. However, Fi in Tables 3.1 
do not satisfy the properties of Fi of classes \GHZ)is (g) \GHZ)24 or \GHZ)i4 (g) 
\GHZ)23 in Table 5. Hence, the classes in Table 1.1 are true entanglement 
classes. 

Part 2. The classes in Table 1.2 are true entanglement classes. 
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Since IV = for classes in Table 1.2, the classes in Table 1.2 are distinct from 
the degenerated entanglement classes \GHZ)i2(S> \GHZ)zi, \GHZ)xz® \G HZ) 24 
and \GHZ)i4iSi \GHZ)23- For some states of classes IX4), \v4), \vj4), IV'4), 1^4)1 
1/14), 1934). |?4) and 1194), always 7^ for some i, see Appendix A. However, 
ah the classes in Table 4 except for \G HZ) 12 ® \G HZ) 34, \G HZ) 13 O \G HZ) 24 
and \GHZ)i4 (g) \GHZ)23, require A = 0, where i = 1, 2, and 3, see Table 4. So 
classes 1x4), 1^4), \ru4), IV'4), |'?!>4), 1^^4)7 I^^a), l^i) and \i^4) are not degenerated 
entanglement classes. The classes |t4), \g^), \l4), \lo4) in Table 1.2 are not 
degenerated entanglement classes because the properties of Fj of classes |t4), 
1^4), \l4), \u4) in Table 2.2 do not satisfy the conditions of Fi in Table 5. 

4.3 The 28 classes in Tables 1.1 and 1.2 are distinct each 
other. 

Clearly, the classes in Table 1.1 are distinct from the ones in Table 1.2 because 
the values of IV of all the classes in Table 1.2 are zero while the values of IV 
of all the classes in Table 1.1 are not zero. 

Part 1. Let us show that the classes in Table 1.1 are distinct each other. 

For class \GHZ), Di = 0, where « = 1,2 and 3, sec Table 1.1. However, 
always for some i and for some states of other classes in Table 1.1. 

Consequently, class \GHZ) is distinct from other classes in Table 1.1. For state 
IC4), Di 7^ 0, where i = 1,2 and 3, sec Table 3.1. It is easy to sec from Table 
1.1 that for the other classes, always Di = for some i. For example, D3 = 
for class |/t4), see Table 1.1. It implies that D3 = for every state of class Im). 
Therefore, class IC4) is different from other classes in Table 1.1. 

For some states of class \k4), Di and D2 ^ 0, see the case for class \k4) 
in Appendix A, and for every state of class Im), D3 = 0. Therefore class |fi;4) 
is different from the last 11 classes in Table 1.1. As well, classes [£^4) and IL4) 
are different each other and from the last 9 classes in Table 1.1. 

Let us demonstrate that class |i?4) is different from classes |7r4) and 1^4). For 
state \H^, i^g 7^ and -F!; = when « 7^ 9, see Table 3.1. Thus, state \H4] does 
not satisfy the conditions of Fi of classes \t^4) or |6'4), see Table 2.1. Therefore, 
class \H4) is different from classes 1774) and 1^4). For some states of class \H4), 
Di 7^ and for every state of class |i?4), D2 = and D3 = 0, therefore class 
\H4) is different from IA4) and IM4) and the last 4 classes in Table 1.1. As well, 
IA4) and IM4) are different each other and from the last 6 classes in Tabic 1.1. 

From Table 2.1, it is easy to see that for the last six classes: \tt4), {Oa), |(T4), 
1^4)) 1^4) and [64), the properties of Fi are disjoint, hence they are distinct each 
other. 

Part 2. We argue that the classes in Table 1.2 are distinct each other. 

Since F = for class \ W) and F 7^ for other classes in Table 1.2, class \ W) 
is distinct from other classes in Table 1.2. For some states of class IX4), Di 7^ 0, 
where i = 1,2 and 3, see the cases for class IX4) in Appendix A. As discussed 
for class IC4) in Part 1, class IX4) is distinct from other classes in Table 1.2. 

For some states of class |i;4), D2 ^ and D3 7^ 0, see the cases for class 
\v4) in Appendix A, and for every state of class \v4), Di = 0, see Table 1.2. 
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Therefore, class |u4) is different from other classes in Table 1.2. Wc omit the 
similar discussions which can be found in Part 1. We need to argue that \tjj^) 
and are different each other. For state IV'4), Fi = and F2 = 0, see Table 
3.2. This conflicts that |Fi| + IF2I ^ for class lip^}, see Table 2.2. This is 
done. As well, Icj)^) and |^4) are different each other, so are I/X4) and \'&4)- What 
remains is to explain that \t4), \q4), \t4) and \uj4) are distinct each other. This 
is obvious because the properties of their Fi are disjoint, see Table 2.2. 
Conjecture: 

There should be many many true SLOCC entanglement classes. We can 

show -i^(V2|15) + |8) + |4) + |2) + |1)) in [22] is a true entanglement state which 
does not belong to the 28 classes because the state has the following properties. 

IV = 0, Dv opt, D2: opt, D3: opt, \F,\ + IF2I 0, IF3I + |FJ ^ 0, IF5I + l^el ^ 0, \Fr\ + \Fs\ ^ 0. 

Table 1.1. 

The SLOCC invariants of true entanglement classes 



classes 


F 


Di 


D2 


D3 


IV 


\GHZ) 


> 


= 


= 


= 




|C4> 


> 


opt 


opt 


opt 




\K4) 


> 


opt 


opt 


= 




\E4) 


> 


opt 


= 


opt 




\L4) 


> 


= 


opt 


opt 




\H4) 


> 


opt 


= 


= 




IA4) 


> 


= 


opt 


= 


^0 


IM4) 


> 


= 


= 


opt 




|7r4) 


> 


opt 


= 


= 


7^0 


1^4) 


> 


opt 


= 


= 


^0 




> 


= 


opt 


= 


7^0 


IP4) 


> 


= 


opt 


= 


7^0 


1^4) 


> 


= 


= 


opt 


^0 


k4) 


> 


= 


= 


opt 


7^0 



"opt" means that of some states of the class are zero while of other 

states are not zero. 

Table 1.2 The SLOCC invariants of true entanglement classes 
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IV 




— n 


— fl 


— n 


— fl 


— fl 


1X4/ 








\J\J\J 


— fl 


1^4/ 


^ 
^ u 


— 


opt 


opt 


— n 


1^74) 


> 


opt 


= 


opt 


= 


IV'4) 


>0 


opt 


= 


= 


= 


1 X \ 


> I) 


= U 


opt 


= U 


= u 


lAi4) 


> 


= 


= 


opt 


= 


l'/'4) 


>0 


opt 


= 


= 


= 


IC4) 


> 


= 


opt 


= 


= 


1^4) 


> 


= 


= 


opt 


= 


|r4) 


> 


= 


= 


= 


= 


If4) 


> 


= 


= 


= 


= 




> 


= 


= 


= 


= 




>0 


= 


= 


= 


= 


Table 2.1 













The properties of Fj for true entanglement classes 

classes Fi Fi = 0,i = 
\GHZ) #0 
IC4) #4 
\Ki),\Ei),\U)AH^),\\^),\Mi) #0 

Ui) IF1I + IF2I ^0,|i^5| + |J^6| ?^0,#2 3,4,7,8 

1^4) |F3| + |f4|^0,|F,| + |Fg|^0,#3 1,2,5,6 

Wi) + ^0,|F3| + |F4| ^0,#1 5,6,7,8 

\Pi) mi + l^el ^O'l^yl + im ^0 1,2,3,4,9,10 

\U) IFJ + IF2I ^0,|F7| + |^^8| ^0,#2 3,4,5,6 

|e4) + ^0,|F5| + |F6| ^0,#3 1,2,7,8 

#0 : If J'lFa = and Fr^F^ = then ^9= and Fio^ or Fg^ and Fio= 0. 

#1 : If F1F2 = and F3F4 = then Fq= Fio= 0. 

#2 : If FiF2= then Fg = Fio ^ 0. 

#3 : If F3F4= then Fg = Fio ^ 0. 

#4 : If F = Fj = Ffc = 0, where 1 < i < j < k < 4, then |Fg| + |Fio| ^ 
and FgFio = 0. 

Table 2.2 The properties of Fj for true entanglement classes 
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classes Fi Fi = 0,i = 

\W) all i 

1X4) iFsl + lFel ^OjFyl + lFsl ^0,#0 

\vi) |i^J + |F2|^0,|^^3| + |Fj^0,|F,| + |Fg|^0,#l i = 5,6 

\F,\ + \F^\^0,\F5\ + \Fe\^0,\Fr\ + \Fs\^0,Fg=F,o,F,F2={F^f 3,4 

IV'4) F^=Fw,#b 

l</'4) #0 

1/^4) F9=Fio,#5 

IV4) |FJ + |F2|^0,|F5| + |F6|^0,F9=Fio,FiF2=(F9f 3,4,7,8 

IC4) + ^0,|i^3| + |Fj ^0,#1 5,6,7,8 

|t?4) |i^J + |F2|^0,|i^7| + |F8|^0,F9=Fio,i^ii^2=(i^9)' 3,4,5,6 

k4) IF3I + IF4I ^0,|F5| + |F6| ^0,^9=^^10, F3F4=(Fgf 1,2,7,8 

1^4) |F3| + |FJ^0,|F7| + |F,|^0,F9-Fio,F3F4=(F9)2 1,2,5,6 

Vi) im + l^el ^0,1^71 + 1^81 ^0, 1,2,3,4,9,10 

M IF3I + |FJ ^ 0, IF5I + \Fq\ + 0, IF7I + iFsl + 0,Fg= Fw,F^Fi= {F^f i = 1,2 



#5 : If Fi = F,- = Ffc = 0, where 1 < z < J < fc < 4, then Fg ^ 0. 
Table 3.1. The properties of Di and F^ for the true entanglement states 



States 


Di 


D2 




Fj ^ 0, when 


\GHZ) 


= 


= 


= 


9 


IC4) 


7^0 


^0 


^0 


9 


1^4) 


= 


= 


= 


9 


\E4} 


= 


= 


= 


9 


\L4) 


= 


= 


= 


9 


\H,) 


= 


= 


= 


9 


IA4) 


= 


^0 


= 


10 


IM4) 


^ 


= 


= 


9 


k4) 




= 


= 


1,6,9,10, 


1^4) 




= 


= 


4, 7,9, 10 


k4) 


= 


^0 


= 


2,3 


IP4) 


= 


7^0 


= 


6,7 


1^4) 


= 


= 




2,7,9,10, 


1^4) 


= 


= 


7^0 


3,6,9,10, 



Table 3.2 The properties of and Fj for the true entanglement states 
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Statos 




D-y 
^ 1 




Fi ^ when 


\w\ 

1 " 1 


— 


— D 


— n 




Ia4/ 


= 




= 


6 7 9 


\va) 

1 ^4/ 


= 


= 


= 


13 8 


777 A ) 


= 


= 


= 


15 7 


IV'4) 


7^0 


= 


= 


3,4,9,10 


l<^4) 


= 




= 


9 


1^4) 


= 


= 


^0 


9,10 


1^4) 


= 


= 


= 


1,6 


IC4) 


= 


= 


= 


2,3 


1^4) 


= 


= 


= 


1,8 


k4) 


= 


= 


= 


3,6 


1^4) 


= 


= 


= 


3,8 




= 


= 


= 


5,8 




= 


= 


= 


4,5,7, 



Table 4. The invariants of the degenerated entanglement classes 



Classes 


IV 


Dr 


D2 


D3 


F 


\GHZ)u3®{s\0)+t\l))^ 


= 


= 


= 


= 


> 


|G7JZ)i24<^(s|0)+t|l))3 


= 


= 


= 


= 


>0 


\GHZ)i3i®{s\0)+t\l))2 


= 


= 


= 


= 


> 


(S|0)+t|l))i® |GffZ>234 


= 


= 


= 


= 


> 


\W}®{s\0} + t\l)), 


= 


= 


= 


= 


= 


\GHZ)i2 0\GHZ)3i 


7^0 


= 


opt 


= 


= 


\G H Z) 13 (E)\G HZ) 24 


y^O 


opt 


= 


= 


> 


\GHZ)ri®\GHZ)23 


7^0 


= 


= 


opt 


> 


only two qubits are entangled 


= 


= 


= 


= 


= 


separate states 


= 


= 


= 


= 


= 



In |M^)®(s|0)+i|l))i,i = 1,2,3,4. 

Table 5. The properties of Fj for the degenerated entanglement classes 

Classes Fi ^ 

\GHZ)i23(^{s\0)+t\l))4 1^7,8 |i^7| + |F8|^0 

\GHZ)i2i®is\0)+t\l))3 li^sl + lFel^O 

\GHZ)i3i®{s\Q)+t\l))2 ^^3,4,9,10 1^31 + 1^41^0,^9 = ^^10,^ 

{s\Q)+t\\))i®\GHZ)234 i 7^ 1,2,9,10 |i^i| + |i^2|7^0,i^9 = i^io,Fli^2 

\W)®{s\Q)+t\l)), K\\Fi=Q 

\GHZ)i2®\GHZ)3i Alli^, = 

\GHZ)i3 ® \GHZ)24 I 9,10 Fg = F^o ^ 

\GHZ)u®\GHZ)23 i^9,10 F^ = Fw¥^0 

only two qubits are entangled All Fi = Q 

separate states All Fj = 
Table 6. The properties of Di for two GHZ pairs 

states Di D2 D3 

\GHZ)i2®\GHZ)3i =0 9^0 =0 

\GHZ)i3®\GHZ)24 7^0 =0 =0 

\GHZ)u O \GHZ)23 =0 =0 7^ 
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5 Semi-invariants of n-qubits 



Definition: 

The semi-invariants of a pure state of n-qubits is 
F = 4( ^ \{aiaj + aktti - ttpttq - ttras)^ - A{aiaj-i - apaq-i){akai+i - aras+i)\ 

odd{i+j) 

+ ^ + - o-pO-q - ardsT - ^{aiaj-2 - apaq-2){akai+2 - aras+2)|), 

Even{i+j) 

(12) 

where 

i < j,k < l,p < q,r < s,i < k < p < r 

i + j = k + l=p + q^r + s,i®j = k®l=p®q = r®s. (13) 

For example, F contains the terms in which i + j = 7, 11, 13, 15, 17, 19 and 
23 and the terms in which i+j = 14 and 16, but F does not contain the terms 
in which z + j = 8, 9, 10, 12, 18, 20, 21 or 22. 

Remark: 

We can consider that Eq. (13) is a special partition of an integer. 

Lemma 1. 

Let (|0) + |2" - l))/2 be state \GHZ) of n-qubits. Then F of state \GHZ) 
does not vanish. 

Proof. This is because the following term does not vanish. 

|((aoa2"_i - a2a2"-3) + (aia2"-2 - a3a2"-4))^ - 4(aoa2"_2 - a2a2"-4)(aia2"-i - a3a2"-3) 

= |aoa2"-i| = 1/4. 

Notice that other terms vanish. 

Lemma 2. 

Let \W) = (I0...01) + I0...010) + I0...0100) + ...)/y/n, where the amplitudes 
= l/\Aij where j = 0, 1, (n — 1), and other amplitudes aj = 0. Then F 
of \W) vanishes. 
Proof. 

(1) . We show that a^aj = Ofea; = apUq = a^fls = 0. If aiUj ^ 0, then i = 2™ 
and j = 2", where m < n. Clearly, we can not find k or I such that k = 2'^ and 
/ = 2* and 2™ 2" = 2* 2*. 

(2) . We show that (a^aj-i — apaq^i){ai.ai^i — Oj-as+i) = 0. It is enough to 
illustrate a^Oj-i = apUq-i = a^ai+i = a-ras+i — 0. Assume that i = 2™ and 
j-1 = 2" and fc = 2* andZ + 1 = 2*. Since i+j = A;-h/, 2™-F2"-|-2 = 2«-|-2*. 
Since i®j = k®l, then i ® [j - I) = k ® {I + 1), i.e., 2™ ® 2" = 2^* ® 2*. It is 
not possible for 2" + 2" + 2 = 2" + 2* and 2™ ® 2" = 2" ® 2 to both hold. 

(3) . As well, we can show that (ajaj_2 — apag_2)(afeOi+2 — o,rO's+2) = 0. 
Conclusively, F vanishes. 

Summary 

In this paper, wo define the SLOCC invariant and semi-invariants for four- 
qubits. By means of the invariant and semi-invariants we can determine if two 
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states arc incquivalcnt. Then, wc show that there are infinite S'L-classcs and at 
least 28 distinct true SLOCC entanglement classes. It seems that there should 
be more true SLOCC entanglement classes. The invariant and semi-invariants 
only require simple arithmetic operations. The ideas can be extended to five 
or more-qubits for SLOCC classification. In this paper, we also give the exact 
recursive formulas of the number of the degenerated SLOCC classes of n-qubits. 
By the recursive formula, for six-qubits, there are 6*t(5) + 30*/:(4) +276 distinct 
degenerated SLOCC entanglement classes, where t{5) is the number of the true 
SLOCC entanglement classes for five-qubits. 
Appendix A 

Let P = det^iP) det^{6) det^{-f), Q = det^(a) det^(7) det^{d), R = det^(a) det^(/?) det^{d), 
S = det^(a) det^(7) det^(/3), T = det(a) det(/3) det(7) det{5). 
Wc will list G, Di and Fj which are not zero as follows. 

1. Class \GHZ) 

(1). liFi = then IFg] + \Fw\ ^ 0, i = 1, 2, 3 and 4. 
(2). IV = -l/2*T. 
Proof of (1): 

Let Itjj') in Eq. (2) be state \GHZ). By solving matrix equation in Eq. (2), 
we obtain the amplitudes Oj. By computing, we obtain the following Fi. 

F, = \alalP, F2 = \alalP, F^ = i/3?/3^Q, F^ = \PIpIQ, F^ = \ih\R, 
Fe = llhlR, Fr = ^S^SlS, Fs = ^SlSlS, 

Fg = i (ai/Jia4/34 - Pa^^sP^^^if det\6) det^{j), 

Fio = \ (-ai/?3a4/?2 + /3ia3/34"2)^ det^((5) det^(7). 

Assume Fi = and F3 = 0. Then OL\ai = 0. Without loss of generality, 
let us consider ai = 0. This implies a2(y.i ^ since a is invcrtiblc. Thus, 
F9 = i(/32/33a2a3)'det2(5)det2(7) and Fw = ^ {^^p^a^asf dct^S) det^i^r). 
If Pi = then Fio = and Fg ^ because /3 is invertible. If P2 = 0) then 
Fg = and Fio 7^ 0. Similarly, it is easy to verify other cases. 

2. Class IC4) 

(1). If Fi = Fj = Ffe = 0, where 1 < i < j < A; < 4, then iFg] + |Fio| ^ 
and F9F10 = 0. 
(2). IV = -l/2*T. 

Di = (-l/36)((a2Q;3+aia4)(7273+7i74)+Q:2a47i73+Q!ia37274) det(a) det^(/3) det(7) det^((5), 
D2 = (l/36)((Q:2a3+aia4)(/32/33+/3i/34)+Q;2Q;4/3i/33+Q;iQ;3/32/34) det(a) dct(/3) det^(7) dct^((5), 
D3 = (l/36)((Q;2Q!3+Q!ia4)((52<53+<5i(54)+Q!2Q!4<5i<53+Q!ia3<52<54) det(Q) det^(/3) det^(7) det(5). 
Proof of (1): 

Let \ip') in Eq. (2) be state IC4). By solving matrix equation in Eq. (2), we 
obtain the amplitudes a^. Then, we obtain the following Fi. 

Fi to Fs can be obtained from the ones of class \GHZ) above by replacing 
1/4 by (-1/12). respectively. 

Fg = (l/36)(-4a|Q:3a4/3i/32/33+4aia2a|/3i/32/33+a|Q:|/32/33-4aia2a3a4/32/33+ 

4alal/3i/32P3P4-4.aia2all3lP3P^+Aala3a4hll33P4-4.aia2a3aiPlpl+alall3lPl+ 
Aaia2alPil320l - AafasaA Pi (32/31) det^{6) det^(7), 
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^10 = {^/'iQ){'ia\ag,aif3ij32l3%—^aiOi20i\f3ifi2l3'l,—'^aia2a-^^ 
4a|a3a4/3i/?3/34 + 4aia2a4/3i/?3/^4 - 4aiai/3i/32/?3/?4 + 14aia2a3a4/3i/32/33/54 - 

4aia2Q!^/?i/32/?4 + '^alasaild-^P^Pl) det^((5) dct^(7). 

Let us prove that if Fi = F3 = F4 = then iFg] + \F^o\ + and F9F10 = 0. 
The proofs for other cases are similar. 

Assume that Fi = 0. Then there are two cases: case 1, ai = and case 2, 
a2 = 0. 

Case 1. a\ = 0. In this case, a2Q;3 ^ 0. Thus, 

Fg = (l/36)a2a3/33 {asPlPs + ^PWI^a - ^HiOc^Mi - ^^^^2^413^) det'((5) det2(7), 
Fio = (l/36)ai/?ia3 {HiazlSl + 4/32a4/3^ - ^H^aitS^fi^ - Aasfi^MA) det'(<5) det'(7). 
Since F3 = F4 = 0, there are two cases. 
Case 1.1. (3^= (3^ = 0. Then (i^P-^ ^ 0. 
Fg = (l/36)aia2^^/?^det2(<5)det2(7) ^ 0, 
Fw = 0. 

Case 1.2. (3^= (3^ = 0. Then /3i/34 ^ 0. 
J^9 = 0, 

Fio = (l/36)aiai {pIpI) det'C^) det'(7) ^ 0. 
Case 2. 0:2 = 0. In this case, Q!iQ!4 7^ 0. Thus, 

Fg = (l/36)a2a4/34 (4a3/32/33 + PWP^ - 4/3ia3/32/34 " APip2(^iP3) ^^^{6) dei^i^i), 
Fio = {l/m)alp^ai (A/S^asPl + (32^^131 - Afi^aip^(3^ - Aai(32(3^p^) dei^S) dee{^). 
Since F3 = F4 = 0, there are two cases. 
Case 1.1. = /?4 = 0. Then /?2/33 ^ 0. 
= 0, 

Fio = (l/36)a?al/32/53det^((5)det2(7) ^ 0. 
Case 1.2. (3^ = (3^ = 0. Then 13^(3^ + 0. 
Fg = (\lm)a\a\ (;9?/3^) det2(<5) det2(7) ^ 0, 
i^io = 0. 

3. Class 1^4) 

(1). IV = 1/A*T. 

Di = (l/16)a2a47274dct(Q:)det^(/?)det(7)det^(5), 
F>2 = (l/16)aia3/3i/33det(a)det(/?)det^(7)det2((5). 

(2).#0 
Proof of (2): 

Fj can be obtained from the Fj of class \GHZ) by replacing 1/4 by 1/16. 
So the proof is similar to the one of class \GHZ). 

4. Class IF4) 

(1) . = 1/4*T. 

Di = -(1/I6)aia37i73 det(a) det^(/3) det(7) det^(J), 
D3 = -(1/I6)a2a4^2^4det(a) det^(/3) det^(7) det(^). 

(2) . #0 
Proof of (2): 

Fj are the same as the Fj of class IK4). So the proof is similar to the one of 

\K4). 

5. Class IL4) 
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(1) . IV =l/A*T. 

L>2 = (l/16)aia3/3i/33det(a)det(/3) det\7) det^((5), 
£>3 = -{l/W)a2ai526A dei{a) det^ der(7) det{5). 

(2) . #0 
Proof of (2): 

Fi are the same as the Fi of class \Ki). 

6. Class \Hi) 

(1) . jy = -1/3 * T. Di = -(l/9)aia37274 det(a) det2(/3) det(7) Aet^{5). 

(2) . #0 
Proof of (2): 

Fi can be obtained from the Fi of class \GHZ) by replacing 1/4 by 1/9. 

7. Class IA4) 

(1) . 7V = -1/3 *T. £)2 = (l/9)Q!ia3/32/34det(a)det(/3)det^(7)det^(5). 

(2) . #0 
Proof of (2): 

Fi to ^8 can be obtained from Fi to of class \GHZ) by replacing 1/4 by 
1/9, respectively. 

Fg = (1/9) (ai/32a4/33 - Pi(X2piaif det'(7) Aet''{5), 

Fw = (1/9) (-ai/3iQ4/?4 + /32a3/33a2)^ dct2(7) dct2((5). 
The next argument is the same as the one for class \GHZ). 

8. Class Mi 

(1) . IV = -1/3 *T. D3 = (l/9)aia35254det(a)det^(/3)det2(7)det(5). 

(2) . #0 
Proof of (2): 

Fi are the same as the ones of class \H4). 

9. Class 1774) 

(1). |Fi| + |F2|^0,|F5| + |F6|7^0, #2. 
(2). IV = -1/3 *T. 

Di = ■^(2aiQ!37i73 + q:2Q!37273 + Q!iq:47273 + "20:37174 + Q:ia47i74 + 
2aia37274 + 2a2Q!47274) dct(Q!) dct^(/3) dct(7) dct^{S) 
Proof of (1): 

Let IV'') in Eq. (2) be state |7r4). By solving matrix equation in Eq. (2), we 
obtain the amplitudes Oj. Then, we obtain the following Fi. 

Fi = aiP/9, F2 = aiP/9, F5 = jiR/9, Fg = 7t^/9, 

Fg = det(/3)(— 4aiQ!2Q:§/3i/33 + iala^a^PiP^ — 4,a\a1(32l3^ — a\a1(32l3^ + 
2aia2Q:3Q:4/32/33 ^ 0104/^2/^3 + 4a^a§/3]^/34 + a\a\(3il3^ — 2aia2azaA!3iPi + 
afallS^lS^ + A:aia2a\(32Pi — 4:ala3a4(32Pi) det^(7) det^(5)/36, 

Fio = det(/3)(4aia2a3/3i/33 — 'iala^aifi-^^fi^ — Aa\a\l32l3^ — alalP2f^3 + 
2aia2Q;304/32/33 - 0^04/32/^3 + 'iafalPiP^^ + a^alPiP^ — 2aia2azonf3-^l3i + 
a\ai(3i(}i - 4aia20^/32/34 + 4af 0304/32/^4) det^(7) det^(5)/36. 

Clearly, if Fi = 0, then Oi = 0. Since o is invertible, that Oi = implies 
03 7^ 0. Thus, F2 ^ 0. Therefore |Fi| + IF2I 9^ 0. As well, IF5I + \Fq\ ^ 0. 

Next we prove if F1F2 = then Fg = Fio ^ 0. Assume Fi 0. Then oi = 0. 
By substituting oi = into Fg and Fio, Fq = Fio = c^l^^liPiPi — /32/33)/36. 
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Since a and /3 are invertible, Fg = Fio 7^ 0. Similarly, we can argue = Fio ^ 
if F2 = 0. 

10. Class |6»4) 

(1) . /y = -1/3*T. 

Di = ^(2q!iQ!37i73 + a2a37273 + "i"47273 + a2Q;37i74 + aia47i74 + 
2a2a47274) dct(Q!) dct^(/3) det(7) det^(5). 

(2) . |F3| + |f'4|7^0,|i^7| + |J^8|?^0,#3. 

Proof. 

Let IV'') in Eq. (2) be state 1^4). By solving matrix equation in Eq. (2), we 
obtain the amplitudes a^. Then, we obtain the following Fj. 
= \l^Q^ -^4 = \P\Q, -F? = \S\S, Fg = ^S^S, 
^9 = ^(""20:3/32/53 + aia4(3l(3l + 20203/3^/32/33/34 - 2q:iq;4/3i/32/33/34 + 

4aia3/32/33/?4-4Q:2a:4/?2/33/34-a2Q:3/3i/34+Q!iQ!4/3i/34-4aiQ3/3i/32/34+4Q2Q;4/3l/32/3 

4a2a3f3lf3l + AaiaiPlPl) det(a) det^(7) det^((5), 

f'lo = g^(-a2a3/32/33 + aia4^2/33 + 2a2a3/3i/32/33/34 - 2aia4/3i/32/33/34 - 

2 2 2 2 2 2 2 

4aia3/32/33/34+4Q!2a4/?2/33/34-a2a3/3i/34+aia4/3i/34+4aia3/3i/32/34-4a2Q;4/3i/32/3 
4a2a3/32/34 + 4aia4/32/34) det(a) det^(7) det^(5). 

The proofs of the properties for Fi are similar to the ones of class \n4). Next 
wc prove if F3F4 = then Fg = Fw ^ 0. Assume F3 = 0. Then fS^ = 0- Then 
Fg = Fio — l/36(/3j/34(aia4 — a2a3) 7^ because a and /3 are invertible. As 
well, we can show if F4 = then Fg = Fio 7^ 0. 

11. Class 1(74) 

(1) . IV = 1/3 *r. 

D2 = —-^{2aia3/3i/3^ + 2a2a4(3i(3^ + a2azfi2Pd. + ai04/32/33 + Q;2a3/3i/34 + 
aia4/3i/34 + 2a2Q:4/32/34) det(a) det(/3) det^(7) det^(^ det(a) det(a)). 

(2) . |Fi| + IF2I ^ 0,|F3| + IF4I 7^ 0, if F1F2 = and F3F4 = then 
F9= A Fio= 0. 

Proof. 

Fi = (l/9)aiP, F2 = (l/9)atF, F3 = (l/9)/3tQ, F4 = (l/9)/3^Q, 

Fg = (l/9)(Q!2a3/3i/33-aiQ!4/3i/33-a2a4/32/?3 + Q;2a4/3i/34)2 det^((5) dct^(7), 
Fio = (l/9)(a2Q;3/3i/33-aia4/3i/33+a2a4/32/33-a2a4/3i/34)2 det^(5) det2(7). 

12. Class IP4) 

(1) . IV = 1/3 * T. D2 = -^(2aia3/3i/33 + a2a3/32/33 + c^K^iM^ + 
0t20t3l3il3i + aiQ:4/3i/34 + 2a2a4/32/34) det(Q:) dct{fl) det^(7) det^(^). 

(2) . F5 = |7l^, = H^, Fr - l6tS, Fg = ^StS. 

13. Class 1^4) 

(1) . IV = -1/3 *T. 

£^3 = —5^(20103^1^3 + 2q;2Q:4^1^3 + 020352^3 + Q!iQ!4J2^3 + Q!2Q!35l54 + 

aia^diS^ + 2a2aiS2Si) det(a) det^(/3) det^(7) det(^), 

(2) . |Fi| + |F2|9^0,|F7| + |F8|^0, #2. 
Proof of (2): 

Fi = laiP, F2 = ia|P, Fr = ^S^S, Fg = ^SiS, 
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Fg = ■^(4Q!2Q!3a4/3]^/33 — Aaia2a\j3il3^ — 0^0^(32^^ + 2aia2C«3C«4/32/33 — 
afa|/32/33-4aia|/32/33+a2a3/?i/34-2aia2Q:3a4/?i/34+aia4/3i/34+4a^a4/3i/34- 
4a^a3a4/?2/34 + Aaia2all32(ii) det(/3) det^(7) det^(^), 

Fw = ^{-^cilctzaidifi'i + 4aiQ!2Q:l/5i/?3 - (^^^^iPiPs + 2aia2a3a4/32/33 - 
afal/32/33-4aia4/32/33+Q;ia3/3i/34-2aia2Q:3Q;4/?i/?4+Q:fa4/3i/34+4a|a|/3i/34+ 
4a|a3a4/?2/34 - 4aia2Q!|/32/34) det(/3) det^(7) det^(5). 

The rest proofs are similar to the ones of |7r4). 

14. Class I €4) 

(1) . IV = -1/3*T. 

A3 ~ —■^{'^oiiasSiSs + Q!2a3<^2'53 + aia4S253 + a2a3(5i^4 + aia4(5i^4 + 
2a2a4i52(54) det(a) det^(/3) det^(7) det{6). 

(2) . |i^3| + |F4|^0,|F5| + |F6|7^0, #3. 
Proof. 

^^3 = y^tQ, Fi = iPtQ, F, = l^jR, Fe = ^jtR, 

Fg = ^(-4a2a3/3?/33+4aiQ4/??/33-4aia3/5i/92/33+4Q;2a4/3i/92/33-a2a3/32/33+ 

aia4/32/33 + 4aia3/3i/33/34-4a2a4/3?/33/34 + 2Q;2Q;3/5i/?2/^3/^4-2Q!iQ:4/?i/32/33/^4- 
0(2CK3(3iP1 + aia^/SiPl) dct(a) dct^(7) dct^{6), 

Fw = -^(4a2a3/3?/j2_4a^Q!4/3i/33-4aia3/?i/?2/33+4a2a4/3i/32/?3+"2a3/?2/33- 

aia4/32/33 + 4aia3/3?/33/34 - 4a2a4/3?/33/34 - 20203/31/32/33/34 + 2Q!ia4/3i/32/33/?4 + 

a2a3Pll3l - aia^PlPl) dct(a) det^(7) Act^{5). 

The rest proofs of the properties for Fj are similar to the ones of 1^4). 

15. Class 1x4) 

(1) . Di = -(1/I8)(aia3 - 0204)7274 det(a) det^(/3) dct(7) dct^((5), 

D2 = (l/36)(a203 + aia4)(/32/33 + det(a) det(/3) det2(7) det^{S), 
D3 = (1/I8)(aia3 + 02a4)(5i(53det(a) det^(/3) det^(7) det(5). 

(2) . li^^l + l^^elT^O, IFrl + IFsl^O, #0. 
Proof of (2): 

Fi = iofa^p, F2 = lajalP, F3 = i/3?/3^Q, F4 = ^PIpIQ, F, = i(7i - 
72)7i(7i + 72)^, ^6 = ^(73 - 74)71(73 + J4)R, Fr = ^SliSl + 5l)S, Fg = 

F9 = ^ (oi/3ia4/34 - /33a3/3202) det^((5) det^(7), 
Fio = 5 (-oi/33a4/32 + /3i 03/3402)^ det^C^) det2(7). 

Let us show IF5I + \Fq\ 7^ 0. Case 1, 72 = 0. Then 74 7^ because 7 is 
invertiblc. Next we show 73 7^ 7I. Otherwise, 74 = when 73 = 0. This 
contradicts that 7 is invertiblc. Case 2, 74 = 0. Similarly, we can show 72 7^ 
and 7i 7^ 73. Case 3, 7^ = 73. Then 73 7^ 74. Otherwise, 7^7! = 7I73. Since 
7i74 - 7273 7^ 0> 7i74 + 7273 = 0- Thus, det(7) = -27373. Clearly, for an 
invertible 7 in which 7373 = 0, det(7) = 0. This a paradox. Case 4, 73 = 74. 
Similarly, 7? 7^ 72- 

The rest proof is similar to the one of \GHZ). 

16. Class \v4) 

(1) . D2 = j^aia3/3i/33det(a)det(/?)det^(7)det2((5), 
D3 = - j^aia352'54det(a) det^(/3) det^(7) det(5). 

(2) . #1. 
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16 "4'^ I 

-F9 = i^(a2a3/3i/33 - aiaJ3-yl3^ + aia3/32/33 - aia3/3i/34)^ det^(7) det^((5), 
Fw = ^(-a2a3/9i/33 + aiQ!4/3i/33 + ci!iQ!3/32/?3-aia!3/3i/J4)^det^(7)det^((5). 

17. Class \wi) 

(1) . Di = -^aia37i73det(a)det^(/3)det(7)det^((5), 

D3 = j^Q!iq:3(5i(53 dct(Q:) dct^(/3) dct^(7) dct((5). 

(2) . Fi = j^alP, F2 = j^atP, F5 = ^7l^, = i^ltR. Fr = ^6tS, 
Fs = je^aS, Fg = j^ala^P, Fio = Fg. 

18. Class IV'4) 

(1) . F > 0, Fg = Fio, if Fi = Fj = Ffe = 0, where 1 < i < j < fc < 4, then 

Fg^O. 

(2) . Di = (-l/16)(a2Q;3 + Q!ia4)(7273 + 7i74)det(a)det^(/3)det(7)det^(^). 
Proof of (1): 

The values of Fi to Fg are the same as the ones of Fi to Fg of class \GHZ), 
respectively. 

Fg = {l/16){alalf3lPl + 2aia2azai(3ll3l + alalPl/3l + 2alal0^02M^ - 
12aia2a3a4Pi/32P3P4+2alalPif32f33Pi+alalPlfil+2aia2a3a4PlPl+alall3lPl) det^(7) det^(/3), 

fio = Fg. 

Let us prove that if Fi = F3 = F4 = then Fg ^ 0. The proofs for other 
cases are similar. 

Assume that Fi = 0. Then there are two cases: case 1, ai = and case 2, 
a2 = 0. 

Case 1. ai = 0. In this case, 0203 7^ 0. Thus, 
Fg = {l/16)alal (/3i/?4 + P^Psf dct'^{-/) det'^{l3). 
Since F3 = F4 = 0, there are two cases. 
Case 1.1 /?! = = 0. Then P^Ps + 0. 
Case 1.2. P^ = /?3 = 0. Then P^P^ ^ 0. 
In either case, it is straightforward that Fg ^ 0. 
Case 2. a2 = 0. In this case, aia4 ^ 0. Thus, 
Fg = {1/I6)alal {6,6^ + p2p:,f dct^(-/) dct^{p). 
As discussed above, when F3 = F4 = 0, Fg ^ 0. 

19. Class |?!>4) 
(1). F > 0. 

(2). D2 = (l/16)(a2Q;3 + aia4){P2p3 + P1P4) det(a) det(/3) det^(7) det^(5). 

(3) . #0. 
Proof. 

Fi to Fio are the same as Fi to Fig of class \GHZ). The next argument is 
the same as the one of class \GHZ). 

20. Class 1/7,4) 

(1) . Fg = Fio, if Fi = Fj = Ffc = 0, where 1 < i < j < A; < 4, then Fg ^ 0. 

(2) . £)3 = (l/16)(a2Q!3 + aia4)(<5253 + ^i<54) det(a) det^(/3) det^(7) det{5). 
Fi to Fio arc the same as the ones of class |V'4)- The argument is the same as 
the one for class \'tp4)- 
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21. Class |(^4) 

(1) Di = iaia37274det(a)det^(/3)det(7)det^(5) 

(2) . = iafP, = ia|P, F, = l^iR, Fe 

22. Class IC4) 

(1) D2 = -ia2Q!4/3i/33det(Q)det(/3)det^(7)det^(5). 

(2) . #1. 

The values of Fi are the same as the ones of Fi for class \a4)- 

23. Class I794) 

(1) D3 = -iaia3(52(54det(a)det2(/3)det^(7)det((5). 

(2) . Fi = iafP, F2 = laiP, F7 = ^S^S, Fs = ^StS, Fg = lala^P, 

24. Class |r4) 

Fs = l^tQ, Fi = ^(3tQ, F5 = l^iR, Fe = l^fR, Fg = i/3?/?^Q, Fio = Fg. 

25. Class IP4) 

F3 = Fi = ^PIQ, F7 = ^^2^, Fs = ^6^3, Fg = ^PIpIQ, Fio = Fg. 

26. Class I (.4) 

F5 = jiR/9, Fe = F7 = StS/9, Fg = 5iS/9. 

27. Class \u}4) 

Fs = /?^Q/16, F4 = f3tQ/16, F5 = 7fii/16, Fg = 73^/16, F7 = ^^5/16, 
Fs = SlS/16, Fg = Fio = l3lplQ/16. 

Appendix B: The number of the degenerated SLOCC classes for 
n-qubits 

Let d{n) be the number of the degenerated SLOCC classes for n-qubits 
and t(n) the number of the true entanglement SLOCC classes for n-qubits and 
t{l) = 1. 

1. By computing d{5) demonstrate how to derive d{n) 
Case 1. Only 4-qubit true entanglement accompanied with a separable qubit 
For example, ABCD — E, where ABCD is truly entangled. Note that four- 
qubits can truly be entangled in t(4) distinct ways. Clearly, there are (4) i(4) 
distinct degenerated SLOCC classes. This situation can be considered as that 
five balls are divided into two groups. The first group contains exactly one 
ball and the second group contains exactly 4 balls. Thus, there are different 
ways [21]. Note that four balls correspond to four qubits. Therefore, for the case, 
the number of the degenerated SLOCC classes can be rewritten as ^f(l)f(4). 
We can consider this partition of 5: 1-1-4 = 5. 

Case 2. Only 3-qubit true entanglement accompanied with two separable 
qubits 

For example, ABC — D — E, where ABC is truly entangled. As indicated in 
[4], three qubits can truly be entangled in two inequivalent ways. It is easy to see 
that there are 2 (3) distinct degenerated SLOCC classes. Let us consider that 
five balls are divided into three groups. The first two groups contain exactly 
one ball respectively and the third group contains exactly three balls. Thus, 
there are different ways [21]. Note that ABC - Z) - F and ABC -E-D 
represent the same class. Hence, for the case, the number of the degenerated 



= l^iR, Fg = iQ?aiP, 
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SLOCC classes can be rewritten as jffr^ * t{l)t{l)t{3) * ^. We can remember 
this case as a partition of 5: 1 + 1 + 3 = 5. 

Case 3. Only 2-qubit true entanglement accompanied with three separable 
qubits 

For example, AB—C—D—E, where AB is a two-qubit GHZ state. It is clear 
that there are (2) distinct classes. We consider that five balls are divided into 
four groups. The first three groups contain exactly one ball respectively and 
the fourth group contains exactly two balls. Thus, there are different 
ways[21]. Note that AB - X -Y - Z, where X, Y and Z is any' one of 3! 
permutations of C, D and E, represent the same class. Then, for the case, 
the number of the degenerated SLOCC classes can be rewritten as * 
t{l)t{l)t{l)t{2)*^. Let us consider this case as a partition of 5: 1 + 1 + 1 + 2=5. 

Case 4. Two GHZ pairs accompanied with a separable qubit 

For example, AB — GD — E, where AB and CD are two-qubit GHZ states. 
For this case, there are 15 degenerated SLOCC classes. Note that AB — CD — E 
and CD — AB — E represent the same class. Similarly, for the case, the number 
of the degenerated SLOCC classes can be rewritten as j|||2| * t{l)t{2)t{2) * ^. 
We can consider this case as a partition of 5: 1 + 2 + 2 = 5. 

Case 5. two-qubit GHZ® three-qubit GHZ and two-qubit GHZ® three- 
qubit W 

For example, AB — GDE. We can list the entanglement ways as follows. 

AB-GDE; AG-BDE; AD-BCE; AE-BCD; BG-ADE; BD-AGE; 
BE - ACD; CD - ABE; CE - ABD; DE - ABC. 

Hence, there are 2 (2) degenerated SLOCC classes. Similarly, for the case, 
the number of the degenerated SLOCC classes can be rewritten as ^^*t{2)t{3). 
We can remember this case as a partition of 5: 2 + 3 = 5. 

Case 6. A product state: A - B - G - D - E 

It is trivial that ^i^i'^j^i^, * t{l)t{l)t{l)t{l)t{l) * ^ = 1. Let us consider this 
case as a partition of 5: 1 + 1 + 1 + 1 + 1 = 5. 

In total, there are 5 * t(4) + 66 degenerated SLOCC classes for five-qubits. 

2. The exact recursive formula of d{n) 

For n— qubits, we consider the degenerated entanglement way ri®r2®---'®rk, 
where k>2 and the qubits are truly entangled, i = 1,2, k. As indicated in 
[21]. there are ^.^|^",' different ways to divide n balls into k groups such that 
the jth group contains exactly rj balls, where ri + r2 + ... + r/c = n. Note that 
Tj qubits can truly be entangled in t{ri) distinct ways. Let Sj be the number 
of the concurrences of ri. in ri, r2, rfe. Thus, for the situation, there are 

ri\r2'...rkA '^^^^^^^y-''^(^'' hi\s2\...s,\ degenerated SLOCC classes. In total, d{n) = 

S r^ir";' rfc! ^(^i)^(''2)'"^(^fe) si!a2^ Summation is extended over all 

the following Euler's partitions of n: ri + r2 + ... + r/j = n in which k > 2 and 
1 < ri < r2 < ■■■ < rk < n. 

3. Compute d(4) using the recursive formula 
For four-qubits, the following are the partitions of 4. 
1+3; 1 + 1 + 2; 2 + 2; 1 + 1 + 1 + 1. 

Case 1. For the partition 1+3, there are ■^t{l)t{'3) = 8 degenerated SLOCC 
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classes. They are A - BCD, B - ACD, C - ABD, D - ABC. Note that three 
qubits can truly be entangled in two inequivalent ways. 

Case 2. For the partition 1 + 1 + 2, there are j^^t{l)t{l)t{2) -^^ = 6 degen- 
erated SLOCC classes. They are A - B - CD, A-C- BD, A - D - BC, 
B-C- AD, B - D - AC, C - D - AB. 

Case 3. For the partition 2 + 2, there are ^t{2)t{2)^ = 3 degenerated 
SLOCC classes. They are AB - CD, AC - BD, AD - BC' 

Case 4. For the partition 1 + 1 + 1 + 1, this case is a product state. It is 
trivial that * t{l)t{l)t{l)t{l) * ^ = 1. 

Totally, there are 18 degenerated SLOCC classes. See [9]. 
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